The numerical quantum electronic structure for the energies of the states of the hydrogen like atoms as given by Sommerfeld in 1915-16 is studied and is shown to present a scheme that is able to express a unique observer point of view. The perspective of this observer is essentially how he, if fixed on a trapped electron, would see his and his electron's state of containment within the full atomic quantum state. This particular internal view of a quantum state is then shown to have strong analytic powers in the extremely different numerical scale of gravitation theory. This unexpected analogy becomes possible when it is recognised that a basic part of gravitation theory can be expressed in terms completely analogous to the quantum relativistic electromagnetic structure involved in Sommerfeld's formula for quantum state energy. The introduction section brings together the essentials for the understanding of the electromagnetic side of this analogy and contains a condensation of some earlier work. The second section Gravitation Analogy develops a theory for gravitation which closely follows the quantum form to give an exact analogy to the Sommerfeld quantum theory of hydrogen atomic states.
Introduction
One of the great discoveries of the 20th Century was Sommerfeld's formula for the energy values of the quantum states of the hydrogen like atoms. The energy values involved were those assumed by a negatively charged electron orbiting a nucleus composed of Z positively charged protons, the charged nucleus being the source of a classical Coulomb electric potential. In the context of Schrödinger wave mechanics which is usually regarded as non-relativistic [35] , it is surprising that this relativistic formula should * School of Mathematical Sciences, Queen Mary University of London, Mile End Road, London E1 4NS, United Kingdom.
appear at all and that its predictions are so accurate is very remarkable. Sommerfeld's [1] formula for the energy of hydrogen like atoms with a Z-valued positive charge Coulomb central field is, with n what is usually called the principal quantum number and j with its possible half integral values is the quantum number for total angular momentum. The expression (1.1) is not the last word in energy specification for hydrogen like atoms because it does not include the Lamb shift complications. However, it is extraordinarily accurate and shows how the energies depend on the charge number Z. The energies of the first Bohr orbits for various values of Z are given by n = 1, j = 1/2 and 1 ≤ Z ≤ 137 and are
We are particularly interested in the speeds v B,Z with which the trapped electron moves in these orbits for the various values of Z. The centrifugal equilibrium equation expresses a relation between the Bohr orbit radius r B,Z and the Bohr orbit velocity v B,Z and is Sommerfeld's formula (1.1) for the special case of the first Bohr orbits can easily be derived ( [1] , [47] , [18] ) as will be shown in the next paragraph. Suppose that a hydrogen-Z atom with its single circling electron is at rest in some frame of reference S 0 , the electron being in the first Bohr orbit. In this frame of reference, the energy E(Z) of the electron will be given by Sommerfeld's formula for a first Bohr orbit. However, for the moment let us simply call the energy E(Z) and assume we do not know formula (1.1). Consider the view of the situation that an observer in frame of reference S moving with velocity v B,Z relative to the first frame such that this velocity is also in the same direction instantaneously as that of the direction of circling electron. At the instant of coincidence of these velocities in magnitude and direction the observer in S will have the electron at rest in his frame so he will assesses its total energy as being its rest energy plus its potential energy in the field of the passing centre of force on the nucleus of the hydrogen-Z atom. This potential energy is that of one negatively charged electron in the Coulomb field of the Z positively charged nucleus. This potential energy is given by V = −(Ze)e/(4πǫ 0 r B,Z ). Thus this observer assesses the total energy E T of the electron to be E T = m 0 c 2 − (Ze)e/(4πǫ 0 r B,Z ). This might be called the electron orientated point of view. Now consider what might be called the hydrogen first Bohr state point of view. We are assuming that the energy of the electron in this state is given by E(Z) = M (Z)c 2 , M (Z) being the equivalent mass of this state. M (Z) is rest mass for this state in the frame S 0 in which the state is at rest. The observer in S will see this mass as a rest mass M (Z) with a charge Ze moving with velocity −v B,Z . Thus from this point of view he will assess the energy in mo-
1/2 and see it as the nuclear charge Ze moving in the Coulomb potential V ′ = −e(Ze)/(4πǫ 0 r B,Z ) due to his local captured electron. Thus his assessment of the total energy from the nuclear state in motion point of view is E
1/2 −e(Ze)/(4πǫ 0 r B,Z ). The two points of view are two different ways that the observer in S can perceive the overall situation. Both of the energies E T and E ′ T are the energies of the trapped electron in hydrogen-Z as seen in the frame of reference S albeit from the two points of view. Thus they should be numerically equal. The two potential energies from the two points of view are also equal. Thus we have the result
α can be given the form
Hence (1.9) becomes
which agrees with (1.3). If the Compton wave length l m of a rest mass m is defined generally as /(mc), then (1.12) gives
The maximum value for Z, Z = 137, represents choosing the last member of the hydrogen like set of atoms for analysis, H 137 . This particular atom is a long way outside present day condition possibilities. It is a theoretical structure but it has led to important theoretical discoveries, notably the derivation of a theoretical formula for α ( [33] , [2] , [3] , [4] , [16] , [23] , [24] , [25] , [28] , [21] , [22] , [20] ). Here I shall show that it also has potential for steering us towards an understanding of rest mass in terms of gravitation. This aspect will be pursued in the next section. However before that, I shall here pull together some earlier results that will be required in that study. We shall need definitions for some standard Schrödinger quantum theory quantities. The basic ones are, the classical electron radius which here will be demoted by r e but which was denoted in earlier work by l c , the Compton wavelength of the electron, λ C and its divided by 2π varient,λ C here denoted by 2l 0 . Less basic are the radii of the first Bohr orbits r B,Z and the velocities in those orbits v B,Z . These definitions are now set out in the order introduced above together with representations for α and the general formula for dimensionless coupling constants.
In relation to the table above, a remark about the relation between α(n 1 , n 2 ) and the integer parameter n 1 will be seen to have important significance in the work to follow. The representation of the fine structure constant α with emphasis on the constant characteristic given by (1.20) depends on the many valued parameter Z. This representation is very useful in bringing together the physical description for the 137 members of the hydrogen like family of atoms. As we have seen above it is the member of that set H 137 with the first Bohr orbit described by the one orbiting electron at the maximum speed v B,137 = 137α(137, 29)c that can be used to explain important fundamental physics issues. This speed v B,137 is the speed that gives the lowest rest mass M (137) for the rest mass generation process (1.12) for the electron rest mass m 0 . Thus in the quantum electromagnetic context M (137) can be taken to be the most fundamental particle-like mass or smallest mass unit and the smallness of its value depends on the closeness of the light speed multiplier quantity 137α(137, 29) to unity. In the gravitation analogy context to follow this mass value M (137) will be shown to have an analogy m G greatly smaller numerically and so much as to be measurably indistinguishable from a photon in a limiting situation.
Figure 1 Bohr Orbit Hydrogen-Z Configuration
Before discussing what this all has to do with gravity let us consider the physical implication of equations (1.9) and (1.12). Both of these equations represent a simple relation between the rest mass M (Z) of an atomic state and the rest mass m 0 of an electron and of course there are many such relations according to the Z value, that is to say, the atomic system chosen. Equation(1.9) clearly means that the electron's rest mass can be fully expressed as the relativistic energy of a particle of rest mass M (Z) in motion with the velocity v B,Z . From the (1.12) equation, the ratio of the mass M (Z) to the electron's rest mass is in general a relatively small quantity because the orbital velocity v B,Z can have values very close to the velocity of light. The largest value that the orbital velocity v B,Z can have is that which occurs in the case of Hydrogen-137 when Z = 137 and in this case (1.12) gives the ratio of the mass M (137) to the mass m 0 of the electron to be the last displayed result below. Thus this analysis gives a model for the internal dynamics of the electron in terms of sub-particle in motion structure. This, of course, is the trend of theoretical physics matter analysis that has occupied most of the last century, the decomposition of a system into successively smaller mass sub-systems. The puzzling question is, does this descending proliferation go on without limit or are there truly fundamental masses that will ultimately be encountered? However, though that question cannot now be answered every step downwards is progress but within the context of Sommerfeld quantum theory we are here at a base level because M (137) is the smallest valued mass state to occur. It will be shown that the downward structure picture can be taken very much further when we examine the gravitation analogy. There is the well known but curious property of mass in quantum systems that very large masses are often very localized and very small masses can be distributed over large regions. This aspect is reflected in the way mass appears in the Compton wave lengths such asλ for example in equation (1.15) where a small mass in the denominator gives a large wave length and vice versa. This aspect is related to quantum uncertainty and we shall see that it has important consequences in the analogy to be developed in the next section. There is another feature of the of the rest mass generation formula (1.9) that will be seen to play an important part in the gravitation story to come. Rest mass is the most important energy idea that emerged from relativity theory. Here we can see it has the special role of supplying a theoretical observer reference frame from which a particu-lar energy aspect of the electromagnet system takes on a very simple form. Of course, an observer cannot sit on an electron but it seems that the electron feels its quantum electronic states relative to its own rest mass platform as though it is disconnected from such issues as total system rest mass weighting to the actual space background or to the wider system in which its states may be imbedded. The actual mass structure or the centre of gravity of the massive nucleus of an atom such as that of H 137 does not come into the derivation of the relation between state rest mass M (Z) and kinetically generated rest mass m 0 of the orbiting electron. If H 137 were found to exist physically, besides the 137 protons in its nucleus, one might expect it to further contain a large number of neutrons so that altogether it would be very massive. This all implies the possible generality of a theoretical unique observer fixed on the particle viewpoint which is blind to system embedding. The valuable consequence that follows from this is that we can study the electron along with its internal states as though it is in a stand alone condition and just in a low velocity unbound state. Perhaps this is merely the recognition of a principle that the internal states of a particle are relative to the particle's rest frame! I shall refer to this as the internal relativity principle for a particle. Essentially, this principle allows role reversal for nucleus and bound rotating particle. This aspect will also be exploited in the gravitation context. One may well ask where within the H 137 atom is the generating state mass M (137) to be found. The answer to this is within a transverse speed of light horizon determined by a rotating radius vector r 
Gravitation Analogue
The clue that suggests how to quantize gravity comes from one of the three very large pure numbers that have been known about for many years and were extensively studied and used by (Eddington, Dirac, Jordon, Dick, Hayakawa, Carter [38] ) and others ( [5] , [6] , [1] , [7] , [8] , [9] ) in their theoretical work. Previously, I have denoted this number by R P E indicating that it is the ratio of the electromagnet potential energy of a proton electron pair to the gravitational potential energy of an electron proton pair. This ratio clearly does not depend on the separation of the two particle as it would appear in the numerator and denominator of this ratio and so would cancel. Here I shall denote it by ξ = R P E . Its definition is
where G is the constant of gravitation m p is the rest mass of a proton and m e = m 0 is the rest mass of an electron. α is the dimensionless coupling constant for the electromagnetic field. Thus we can identify the dimensionless electromagnetic quantum value for gravitational coupling as α G , say, so that
and then
For the purpose of developing this model for a quantum theory of gravity, I shall make the working assumption that all quantum related coupling constants are related to or are members of the set Q C = {α(n 1 , n 2 )} defined by equation (1.22) . As all members of this set are dimensionless, we can then expect to find α G within this set. Thus I shall represent α G as . We can now usefully use a generalization of a formula for the gravitation constant G. The original was suggested by Ross McPherson [34] based on his observation of a near numerical coincidence between ξ and the quantum frequency of the proton's rest mass multiplied by 10 16 . The generalised form to be used here will be expressed in terms of different physical constants and will have the usual dimensional form k −1 g m 3 s −2 but will be expressed as a function of a time t n . It has the definition,
H(t n ) is Hubble's constant expressed as a function of a time, t n measured in seconds from a time t 0 > 0 near the beginning of the universe. T is a nominal time for which the universe is assumed to have existed. m p is the rest mass of a proton and m e is the rest mass of an electron. From (2.2), (2.6) and (2.8) we can now derive
is a nominal radius for the universe now and r p is the classical radius of the proton. We note that the dimensionless gravitational coupling constant α G (t n ) dpends on the time t n through the dependence of the radius of the universe through the time t n . Equation (2.9) enables us to complete the analogy between quantum theory and gravitation theory. If we compare equation (2.10) with equation (1.20) while assuming that α G is the gravitational analogue α, it follows that r p is the gravitational analogue of r e = l c and a radial length R 0 related to R(t n ) is the gravitational analogue ofλ C = 2l 0 . The rest mass of a graviton m G , say, is naturally defined as the rest mass which has a Compton wave length R 0 = G /(m G c) so that we can write down the gravitational analogue for equation (1.12) as
Below is set out the list for gravitational quantities analogous to the quantum quantities defined in the list (1.13)-(1.22)
The analogue of the electron in motion on a first Bohr orbit of H 137 is a proton in motion on, what I have indicated above by G, a proton in motion on an orbit of radius r G,ZG with a velocity of v G,ZG and coupled to a central force via the dimensionless coupling constant α G . Thus the analogue of the relativistic rest mass generation equation (1.12) for the proton's rest mass is
α G can be given the form
The analogy between the structure of the first Bohr orbit of an electron in H 137 coupled by α to an electromagnetic force centre and the gravitational orbit of a proton coupled by α G to a gravitational force centre is exact. However, the scales of the analogous systems are greatly different. 
Conclusions
As suggested in the title, I regard the material presented here as a sketch for a quantum theory of gravitation. However, this material is detailed in that it shows a way in which the very small quantum theory domain of atomic systems can be integrated with the very large cosmology domain within a single theory. The fundamental theories that are called upon to render this construction possible are Sommerfeld's relativistic formula for quantum states together with this author's theory for quantum coupling constants. A physical result that emerges from this construction is a relativistic dynamical way in which the rest mass of the proton can be seen as formed from the kinematic's of what I have called here, a graviton, a particle with the very small rest mass, m G . As the theory has been developed here, the rest mass of this particle is about a 1/1000th part of the rest mass of an electron. However, the construction here is limited by experimental knowledge of the true values of the gravitational and other constants and the consequent difficulty of reliably being able to work out the arithmetic of the very large numbers that are involved. It seems that with more reliably accurate information it will be possible to assert that m G has a limiting value zero. Almost putting it on a par with the photon or neutrino. Further more it's orbits are very large radius circles which are limiting straight lines, if the universe is sufficiently large, again showing a close relation with the photon or neutrino. The angular velocity of the electronic states which are analogous to the m G states have spin 1/2 so perhaps it is the neutrino with its spin 1/2 that is the key to the understanding of quantum gravity. The theory given here suggests that the rest mass of the proton originates from the graviton kinematics. Possibly this is extendable to some extent to all the hadrons though other considerations may well be involved. Clearly the very complex rest mass relations between the many elementary particles is barely touched by this rest mass generation result for the proton. However it could be a useful start to revelations in that context. It has been shown that an orbiting proton moving on a very large radius path is the gravitational analogue of the orbiting electron in the Sommerfeld quantum electronic theory. Included, is the possibility that the radius of the proton's path is so large that it is indistinguishable from a straight line. The structure given here enables us to identify the gravitational potential analogous to the hydrogen 137 electric central potential V (r) = 137α c/r to which a proton is subjected generally and is the kinematic source of its rest mass m p . This is given by
From (3.2) it can be seen that that the central force that holds the proton in its orbit arises from the gravitational attraction of a total mass, ξN G m e , comprised of N G electronic sub-masses of strength ξm e in analogy with the case of H 137 where the central force is composed of a total charge, 137e, comprised of 137 electronic sub-charges of strength e. Thus if we appeal to the particle internal relativity principle for a proton and its internal gravitational states we see that the proton's rest mass arises from a centre of force at a distance R G from its position. This centre of force is on a reference frame which will also be host for the internal proton rest mass gravitational generating mass m G . In keeping with the usual classical gravitational potential theory, this centre of force can be thought off as a mass distribution spread over a finite sphere within the radius R G . R G is the radius of the universe so here we have the situation of greatly distant masses determining the local rest mass m p of the proton. This is a clear indication of the appropriateness of Mach's Principle ( [47] , [37] , [32] , [36] ) in the context of this theoretical construction. This contrasts sharply with work on Mach's principle in relation to the local standard of zero rotation ( [47] , [40] , [41] , [42] , [43] , [44] , [45] ) which does not seem to be directly related to the local inertia problem. The key result that connects the quantum domain with the cosmological domain is the relation between the graviton mass m G (t n ) and the radius of the universe R(t n ) at time t n , now. They are both dependent on time and are related by a rest length radius, R 0 , of the universe coinciding with the crossed Compton wavelength,λ G,0 of the mass m G , Material related to the work in this article can be found in references, ( [10] , [11] , [12] , [13] , [14] , [15] , [19] , [29] , [30] , [31] , [39] , [46] ).
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